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DENSITY-FUNCTIONAL THEORY OF LIQUID CRYSTAL SURFACES

YASHWANT SINGH AND JOKHAN RAM
Department of Physics, Banaras Hindu University,
Varanasi-221005, India

Abstract We develop a density-functional theory based on weighted
density formalism to describe the surfaces of liquid crystals. The
expression for the surface free energy is written in terms of order
parameters characterizing the nature and amount of ordering in the
interface and the structural parameters which involve the spherical
harmonic coefficients of the direct pair correlation function of an
effective isotropic fluid the density of which is determined using a
criterion of the weighted density-functional formalism. We report
preliminory results of our calculations for nematic/vapour and
nematic/isotropic liquid interfaces.

INTRODUCTION

The influence of a surface on a system of molecules which exhibits liquid

crystalline phases at appropriate conditions can be separated into two
aspects : First the presence of a surface induces a perturbation of the
liquid crystalline order over a thickness &, near the surface. When the
system is far from any phase transition of the bulk, & is of the order of a
few molecular lengths ranging from 20 A to 100 A, and defines the thickness
of the transition region, or interface between the bulk liquid crystal phase
and the other phase (solid, liquid and vapour) which has been placed in
contact with the liquid crystal to create a surface. Depending on the nature
of the constituent molecules of the liquid crystal and the surface creating
phase, the induced ordering in the interface may include enhanced or
supressed orientational ordering, biaxiality and smectic ordering”z. When
the liquid crystal approaches a bulk phase transition the thickness. &, can
increase and reach macroscopic values. This behaviour known as critical
adsorption or wetting is similar to the behaviour of any other system.

The second aspect of the surface effect is a macroscopic effect on the
bulk liquid crystal phase whose order is recovered at a distance from the
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surface greater than &, Close to the interface the liquid crystal molecules
take a fixed mean orientation 1:1 which is called the anchoring direction of
the liquid crystal at the interface. In the absence of any other orienting
field this orientation is imposed on the bulk via the elastic forces which
tend to orient all molecules parallel to each other. This phenomena of
orientation of liquid crystal by an interface, called anchoring is very
similar to epitaxy of solids on substrates. The main issue of anchoring of
nematic liquid crystals is to relate the observed anchoring with the
structure of the interfaces and to find the microscopic interactions
responsible for the orientation of these phases by surfaces.

There has been efforts to calculate the interfacial properties of
nematic liquid crystals by several authors using either the phenomenological
Landau-de Gennes theory’ or the molecular-statistical theory based on
various approximations*®.  While the phenomenological theory is physically
appealing and mathematically convenient, it has many drawbacks, including
lack of quantiitative predictive power about the interface structure and
phase diagram. In the molecular-field theories too many simplifying
approximations are made - in the choice of models for intermolecular
interactions, in the statistical mechanical approximation schemes, and in
the evaluation of the correlation functions and interfacial properties.
As a consequence, results vary from one author to the other. For example,
the angle which the director makes with the normal to the interface (known
as tilt angle) at the nematic-isotropic interface has been reported to
have value equal to 90° * 0° ° and 60° ® although in all cases rod-like
molecules are considered. Similar discrepancies are found to exist in the
reported results for other cases also.

In this article we develop a theory based on the weighted density-
functional formalism for the interfacial properties of liquid crystals. We
give explicit results for the free nematic surfaces and the nematic-
isotropic interfaces. In these cases there is no interaction with the
substrate. The interfacial behaviour is mainly due to the disordering effect
of the spatial delocalization across the interface and a surface torque
field.

THEORY

We consider a system of nonuniform liquid crystal described by a single
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particle density distribution or singlet distribution p(r,2), where r
indicates the location of centre of a molecule and Q its relative
orientation described by Euler angles e, ¢ and y. For a nonuniform system
one may write p(r,2) = p(r) f(r,Q) where p(r) is the mean number density of
the centre of mass of molecules at point r and the function f(r,2) describes
the local ordering. While for a uniform isotropic fluid, o(r,2) is constant
independent of positions and orientations i.e. o(r) = p_ and f(r,0) = 1, for
a uniform liquid crystal phase o(r) = e, and f(r,Q) describes the nature and
amount of ordering which characterize the phase.

It is often convenient to express f(r,?) in terms of the Fourier series
and the Wigner rotation matrices. Thus'®

. £
fC0 = LT Quu(@.0) expliG.r] Dy (@ (12)
where
QG0 = @+1) <expliG.r] DL (@) > (1b)

Here Qemn(c_},g) are the order parameters which measure the nature and
strength of ordering at point r in the system and <---> represents the
ensemble average over the primed variables. {G} are the reciprocal lattice
vectors describing the nature of position ordering. All the angles in Eq.
(1) refer to a local space-fixed (SF) coordinate frame with its Z-axis
along the direction of the local director 131([).

The interface between bulk liquid crystal and fluid (coexisting
isotropic  liquid or vapour) takes the singlet distribution p(r,Q) which
minimize the excess grand potential AQ (@ = -PV),

a0 = [ drletc) {k,T [ da ft,.9) (G 2)n-1) + ta)u}+Pl @)

subject to the constraint of fluid o(r,Q) = P and bulk p(r, ) = P f(Q)
singlet distribution asymptotically on either side of the interface. In Eq.
(2) the first term is the ideal gas entropy, A the cube of thermal wave
length of a molecule, p the chemical potential and Aa(r 1) the excess
Helmholtz free energy per particle at point ;. Aa(gl) is functional of
p(r,Q). The interfacial free energy ¥ is precisely the excess free energy

per unit area at the minimum y = aQ/LY| (L2 being the area of the

min
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surface) and so the structure and surface energy are obtained simultaneously
and inseparably.

From a weighted density-functional theory of a nonuniform system one
finds'™"!

pra(r) = - dr, [ a, [ do, fr,.0) @, 0.0:500) p@)iC,0)  Ga)

127 -1

where ¢@ (g1 2,5_21,92;;30)) is the direct pair correlation function of an
"effective” isotropic fluid of density p(r). The effective density p(r) is
found from the relation

o = [dr e [ da [ do o) o(irr1,09) f@.9) (3b)

where the weight factor « is chosen in a way that the functional
relationship between the DPCF and the excess Helmholtz free energy remains
preserved.

We now separate from paa(r) the part which correspond to free-energy
per particle of a uniform system of density p(r) and the surface term. Thus

Bla(r) = Bha (r) + Fha(r) (42)
where
BAau([) = % p(fl) I d[12 I dgl ,[ df_22 f(zx’s-)l)

@ .
¢ (r,0,9:pM) f,.2) (4b)
and

pra( = -5 [dr, [ o, [0, fc,2) < (,.9,9,50)

[o(z) fc,2) - p(t) f(c,.2)] (4c)

We choose a SF coordinate frame with its Z-axis along the normal to the
interface and expand all angle dependent functions of above equations in
spherical harmonics. Assuming that the molecules are cylindrically symmetric
and that the director is pointing uniformly along a direction in the
interface (i.e. we neglect the distortion in the interface region) we find
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(¢t ¢ :m'm’m’) .
12 12 £
D (@)

C
T ___ 8
m'm:m'm [(4n)’2e +D(2¢,+ D]

Q (G [ dr, [p@) Q 1, (Gr) - p(r) Q. Gur)]
11 2 2 2 2

exp[i(_i.gn] cgl 222(r12) yzm(zn) (%)

) the

g 12 2

spherical harmonic coefficients of the DPCF in the SF frame, fn = g/ Ir} is
a unit vector along the intermolecular axis and n(r) is a unit vector along
the direction of the alignment of molecules in the interface. Thus the

Where C _(2 N:mlmzm) are the Clebsch-Gordon -coefficients, %) e(rl
12

surface energy depends on the orientation of the director.

Eq. (5) is a general expression of the surface free energy in a sense
that it takes into account various kind of surface ordering which can in
principle, be found by minimizing Eq. (2) or (5). Formally, the minimum
of Eq. (2) can be found by solving the Euler-Lagrange equation 3(A%)/sp(r)
= 0 and 6(AQ)/6Qem(G,r) = (). Alternatively, one may perform a direct
numerical minimization of AQ with respect to parameters of appropriately
chosen trial functions for the density p(r) and the order parameters
Qem(C_i,g). A practical obstacle to this method, however, is the actual
parametrization of the trial function with modest number of parameters.
Furthermore, one should also be careful in finding an equilibrium phase
diagram using the density-functional theory in the same form as used in the
study of interface, in order to determine the boundary conditions for
minimization of Eq. (2). This is necessary to make the theory self-
consistent.

In writing Eq. (5) we neglected the contribution arising due to
distortions. While this may be a reasonable approximation for a one-
dimensional interface, the distortion free energy may play crucial role in
determining the behaviour of liquid crystals in confined geometries
(droplets, films and capilaries). In such situations, both the order
parameters and the director field may show large spatial variations at
equilibrium. The expression for the distortion free energy per particle in
the interface region is given as
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Here ax is angle between directors at r and r. A density functional theory
of elastic constants of the liquid crystals bulk has already been
developedu’”. The interfacial structure will depends on the competition of
the surface and elastic free energies and therefore has to be included in

Eq. (2) before its minimization.

RESULT AND DISCUSSIONS
In this article we, however, take a simplified view and calculate the

interfacial properties in three limiting cases. In the first case we take a
step function interface, i.e., p and le remains constant till the surface
where they suddenly go to zero. The second case is that of a very diffused
interface so that the second gradient approximation in the expansion of the
density and order parameters be reasonable. In these two cases we consider
only nematic ordering. In the third case we consider a diffused interface
with smectic ordering. In all the cases a planar interface in the XY plane
is taken. The axis Z is taken perpendicular to the interface. The system is
rotationally invariant in the plane of interface and therefore without loss
of generality we can choose the director to be in the XZ plane.

The Case of a Sharp Interface

In this case, as stated above, we restrict ourselves to orientational
ordering and therefore choose G = 0. The surface is taken at z = 0. We also
assume that the nematic ordering remains constant till the surface at which
both the density and order parameters jump to zero. For this case Eq. (5)
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reduces to

2 —
BAAS/L =a_ + a_ Pz(cos ¥) + a o P 4(cos V)

where AAs is total surface free energy,

(e1 2 22 : mmO)

.. S
eze a(@e +1)@e_+1))'"?
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1
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12
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(62)

(6b)

(6c)

(6d)

(6¢)

(66)

For a simple case of uniaxial ordering for which m = 0 and Q, = (2¢+ l)PZ

where

P, = 5 J’ P, (cos o) f(@) d(cos 6)
we get

2
BAAS/L = bo + b2 Pz(cos W) + b 4P . (cos y)
where

b, = g #°[C,000) + v5 P C,220)]

b, = 3 #[P,C,Q00) - /37 P € 222)]

_ 3 2 52
b4 - 61‘/"1_’9 P Pz C3(224)

™)

(82)

(8b)

(8¢

(8d)
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The tilt angle y is found by minimizing Eq. (8a) with respect to cos y.
This leads to

v = /2 for b, > §b4

3 5b 2b 10 b
cosw—3-5——5—— f0r2b4>b> ——3—
v =0 forb2<-%9b4 ®
The Case of a Diffused Interface

If the interface is so broad that the variance of p(z) and Qem(G,z) is large
compared to the range of pair correlation function, then we can make a

gradient expansion in Eq. (5) and neglect the term beyond the second
gradient. The square gradient approximation (SGA) leads to the following
expression for the surface free energy for the case of uniaxial nematic
surface ordering

BAA /L = J' dz Bha (2)
where

BAas(z) = bod(z) + bzd(z) Pz(cos ) (10a)
with

b (@ = 15le* @*(C,000) + p@) C,(000) + V5 v (2)

(v @ C,20) + w() o’ @) C,(220))] (10b)

b, @ = 3[{v'@ o' @ €200 + J o' @ (" @ () + £@ v D)
e} - /3w @ @ C,02) + v '@ C,e223].

(10c)
Here

¥e2) = o) P@); p' (@) = de(@)/dz; ' (2) = dw(@)/dz

and C(ee0 = d C(££/do(2) .
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It is therefore clear that for this case one gets either parallel or
homeotropic anchoring but not oblique one. The parallel anchoring will be
preferred for b, > 0 and homeotropic for b, < 0. For b, = O the surface
energy will be independent of the tilt angle y.

The Case of Diffused Interface with Smectic Ordering
In the SGA approximation the expression for the surface free energy for an
interface with smectic ordering is found to be

BAas(z) = bOS(z) + sz(z) Pz(cos ¥) + b 4s(z) P4(cos ) (11a)
where
¢ et 000
b@=4zrr rob L S )__2L+1
os g% e L [(2e1+1)(2e2+1)]”2 viw

[5, + 21C,@LE000)7] gz[wel(G,Z) Alilezz(G’f’(z»]
d
& ¥ @ (11b)

where ¢ = 0, 2, 4, G = %2 n being positive integer and d the inter layer

spacing in a smectic ordering, and 'l’e(G z) = p(z) QZ(G z). Here

AIZ.“} (@) = [ ar st celeze(r,ﬁ(z)) LGP (116)

The condition for the tilt angle are, therefore, same as given in Eq. (9)
with bzs, b“s for b2 and b4, respectively.

Our preliminary calculations for the modified Gay-Berne potential*
with length to width ratio X, = 3 and well depth ratio k’ = 5 (see refs 15
and 16 for notations and for the values of spherical harmonics of DPCF) we
find that for the sharp interface the anchoring is homeotropic. However near

the triple point when }_’2 ~ 1 or for nematogens with large value of
quadrupole moments (Q ~ 50 x 10 esu cm?) the anchoring may be oblique. On
the other hand, for a diffused interface we again find for both the
nematic/vapour and nematic/isotropic liquid interfaces the anchoring is



Downloaded by [Tomsk State University of Control Systems and Radio] at 09:51 18 February 2013

152

ho

Y. SINGH AND J. RAM

meotropic. If the nematogens have large quadrupole moments the

nematic/isotropic interface may have parallel anchoring.

A systematic study of the structure and thermodynamics of different

interfaces based on Egs. (2) and (5) is in progress and results of this
study will be reported in a separate publication.
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